Abstract. We continue to study the rank functions of tropical matrices. In this paper, we explain how to reduce the computation of ranks for matrices over the 'supertropical semifield' to the standard tropical case. Using a counting approach, we prove the existence of a 01-matrix with many ones and without large all-one submatrices, and we put our results together and construct an n × n matrix with tropical rank o(n 0.5+ε ) and Kapranov rank n − o(n).
The tropical arithmetic operations on R are (a, b) → min{a, b} and (a, b) → a+b. One can complete this algebraic structure with an element neutral with respect to addition (it plays the role of an infinite positive element and is denoted by ∞) and get the structure (R, min, +) known as the tropical semiring. This semiring and related structures are being studied since the 1960's because of their applications in optimization theory [35] ; the tropical methods also arise naturally in algebraic geometry and lead to important developments in the field (see e.g. [2, 6, 24] ). Other applications of tropical mathematics include operations research [7] , discrete event systems [3] , automata theory [28] , and optimal control [20, 23] .
This paper is a continuation of the study of tropical rank functions initiated in [8] and developed in [4, 30, 31, 32] . Namely, we are going to focus on the tropical rank and Kapranov rank-the functions arisen from the context of tropical algebraic geometry. (It should be mentioned that there are many more rank functions of tropical matrices that are being extensively studied in the literature, see [1, 11] and references therein.) We refer the reader to [4, 8, 31] for definitions and a detailed discussion of motivation behind these concepts; the rank functions also admit combinatorial descriptions, and we are going to recall them in Section 2. For the purpose of this introduction, we briefly recall that the tropical rank of a matrix is the topological dimension of the tropical convex hull of its columns, and the Kapranov rank is the smallest dimension of tropical linear spaces containing these columns. As we will see, one needs to specify a field F to give the definition of Kapranov rank, and the corresponding function is referred to as the Kapranov rank over F.
It is very well known that these functions can be different, but the tropical rank cannot exceed any of the Kapranov ranks (see [8] ). The papers [4, 8, 31] contain a resolution of the following question: For which d, n, r does every d × n matrix of tropical rank less than r have Kapranov rank (over C) less than r as well? This condition is equivalent to the r × r minors of a d × n matrix of variables being what is called a tropical basis of the ideal that they generate. The paper [8] contains an example showing that the 4 × 4 minors of a 7 × 7 matrix are not a tropical basis, and it was asked if it is the case for the minors of the 5 × 5 matrix. The authors of [4] proved that the 4 × 4 minors of a 5 × 5 matrix form a tropical basis, and a complete description of the tuples (d, n, r) for which the answer to the above question is positive was given in [31] . The result below is valid for the Kapranov rank function computed with respect to any infinite field. (1) r ≤ 3; (2) r = min{d, n}; (3) r = 4 and min{d, n} ≤ 6.
The answer to the same question but for finite fields remains unknown, but the corresponding characterization should be different from the one given in Theorem 1. In fact, Example 2.7 in [30] shows that matrices of tropical rank two and larger Kapranov rank exist for any finite ground field. As we see, there are a lot of results describing the cases when the tropical and Kapranov ranks are equal; on the opposite end, there is a result (see [19] ) stating that a matrix of tropical rank three can have arbitrarily large Kapranov rank. No non-trivial analogue of this result is known if we compare the behavior of the Kapranov rank functions taken over different fields. [8] for the matroid corresponding to the Perles configuration (see page 94 of [10] ). Nothing is known for d 5.
We note that the difference between the tropical rank and Kapranov rank in the above mentioned example is of the order of 0.5 √ n, for an n × n tropical matrix (see Theorem 2.4 in [19] ). One can also construct a sequence of n × n matrices whose tropical rank and Kapranov rank differ by εn as a diagonal matrix whose diagonal blocks are equal to any fixed matrix with different ranks. In our paper, we improve these bounds to the asymptotically best possible separation of n − o(n); our result is valid for the Kapranov ranks over all fields.
Theorem 3. For all n > 1000, α ∈ (0, 0.1), there is an n × n matrix A such that
Taking n → ∞ and choosing α n to be (ln n) −1 or any other sequence sufficiently slowly decreasing to 0, we get an n − o(n) separation between the tropical rank and Kapranov rank of an n × n tropical matrix. Since the Kapranov rank is a lower bound for the tropical factorization rank (see [8] ), Theorem 3 gives an n − o(n) separation between the tropical rank and factorization rank as well. A similar question is wide open for separations between the conventional rank and factorization rank of nonnegative matrices, and related problems have important applications in optimization and computational complexity theory (see [9] ). The following version of this problem is open in both the tropical and nonnegative settings.
Question 4. Let k be a fixed constant. Is it correct that, for all n, m satisfying m n k, there exists an n × m matrix with tropical rank k and tropical factorization rank n? Does there exist a nonnegative n × m matrix with conventional rank k and nonnegative rank n?
The 'nonnegative part' of this question has negative answer for k 3 (this is easy for k 2 as shown in [5] , and the case of k = 3 has been done in [27, 33] ). If k 4, this problem remains open, see Question 1 in [13] . The 'tropical part' is open already for k = 3, and the problem is non-trivial even in the case k 2 for which Theorem 4.6 in [34] gives a negative answer.
Preliminaries. The rank of a supertropical matrix
This paper was inspired by the idea of symmetrized semirings (see [1, 25] ), which are intended to give an analogue of subtraction for those semirings that are not rings. The symmetrized tropical semiring is essentially the set R × R, and we may think of a pair (r 1 , r 2 ) as a formal subtraction r 1 ⊖ r 2 . The tropical operations can be naturally extended to the symmetrized setting as (
because min is the tropical addition and + is the tropical multiplication. A related structure was introduced by Izhakian and Rowen in [14, 15] and became known as the 'supertropical semifield '. Their structure 'is somehow reminiscent of the symmetrized max-plus semiring, and has two kind of elements, the real ones (which can be identified to elements of the max-plus semiring and some ghost elements which are similar to the balanced ones,' as Akian, Gaubert, and Guterman wrote in [1] . We decided to write this paper in terms of the 'supertropical ' structure because it seems to have become more popular nowadays due to a considerable amount of papers on the topic written by Izhakian, Rowen, and their colleagues (see also [16, 17] and references therein).
As said above, the structure introduced by Izhakian and Rowen belongs to the class most commonly known as 'supertropical semifields' (see [16] ), but since it contains non-zero elements without multiplicative inverses, it is not an actual semifield according to the standard definition of the latter. We denote this structure by S = (R τ ∪ R γ ∪ {∞}, ⊕, ⊙), where ∞ is an infinite positive element, and R τ , R γ are two copies of R whose elements are called in the literature 'tangible' and 'ghost ', respectively. Assuming i, j ∈ {τ, γ}, s ∈ S, a, b ∈ R and a > b, we define the operations by
α , where α = τ if i = j = τ , and α = γ otherwise. One can check that ⊕ and ⊙ are commutative and associative operations, and distributivity also holds. Moreover, there is a homeomorphism ν from S to the tropical semiring R defined by ∞ → ∞ and a i → a. One writes c |= d if either c = d or c = d ⊕ g, for some ghost element g; this relation is known in the literature as 'ghost surpassing' relation.
Let A = (a ij ) be an n × n supertropical matrix; its permanent is
where S n denotes the symmetric group on {1, . . . , n} and A(p|q) denotes the entry in the pth row and qth column of A. This matrix is said to be tropically non-singular if per A is tangible and tropically singular otherwise.
Definition 5. The tropical rank of a supertropical matrix is the largest size of its non-singular square submatrix.
In order to recall the definition of Kapranov rank, we need to introduce the field F = F{{t}} of generalized Puiseux series. The elements of F are formal sums a(t) = e∈R a e t e which have coefficients a e in F and whose support Supp(a) = {e ∈ R : a e = 0} is well-ordered (which means that every non-empty subset of Supp(a) has a minimal element). The tropicalization mapping deg : K → R sends a series a to the exponent of its leading term; in other words, we define deg a = min Supp(a) and deg 0 = ∞. Remark 7. If A is a supertropical matrix without ghost elements, then these rank functions match those of conventional tropical matrices as introduced and studied in [4, 8, 30, 31] . Namely, the tropical rank and Kapranov rank of a matrix T with entries in R coincide with those in Definitions 5 and 6 if the elements in R are replaced by their tangible copies.
We finalize the section by proving two results using well known techniques. Proof. Let us expand per A with the first column (as in Lemma 3.2 in [26] ). Since ∞ and 0 τ are neutral with respect to ⊕ and ⊙, respectively, we get that per A is the sum of the permanents of the (1, 1) and (2, 1) cofactors of A. Since the permanent of a matrix is linear in its rows (see Lemma 3.13 in [26] ), the result follows. Proof. Since permutations of rows and columns and their scaling by elements in R τ cannot affect the non-singularity, we can apply the Hungarian algorithm for the assignment problem corresponding to the matrix ν(A), see [21] for details. Therefore, we can assume without loss of generality that the diagonal entries of A are equal to 0 τ , and the off-diagonal entries are positive. If a < b, then we choose the first column to be replaced by v, and otherwise we replace the second column.
Reducing the supertropical case to tropical matrices
Let S ∈ S I×J be a supertropical matrix, where I and J denote the row and column indexing sets which we assume to be disjoint. Let us denote by I 1 , I 2 two copies of the set I, and i 1 , i 2 will stand for the elements that correspond to i ∈ I in these copies.
Definition 10. We call a tropical matrix T symmetrized if it has I
1 ∪ I 2 as row indexing set and I ∪ J as column indexing set (where I, I
1 , I 2 , J are as above), and satisfies
Definition 11. Let T be a matrix as in the above definition. We define Σ ∈ S I×J as the matrix obtained from T by putting on the ith place the (supertropical) sum of the i 1 th and i 2 th rows of T and removing the columns with indexes in I.
The relation between T and Σ(T ) can be understood in terms of the symmetrized tropical semiring discussed above. As we see, T is obtained from Σ(T ) by replacing every row with a pair of rows which can be thought of as a vector over the symmetrized semiring corresponding to the row of T . Let us illustrate this construction with the example essentially appeared in the paper [29] published in 2010. (Namely, the matrix T (A) below is the one from Example 2.1 in [29] up to permutations of rows and columns and replacing the 4's by the ∞'s, which is not crucial for the argument given in [29] .) Example 12. Consider the symmetrized tropical matrix One can check it directly that the tropical rank and Kapranov rank of the matrix Σ(A) above are 1 and 2, respectively; it is proven in [29] that the respective ranks of A are 4 and 5. We can begin proving the main results of this section, which give a general relation between the ranks of A and Σ(A).
Theorem 13. Let T be a matrix as in Definition 10. If |F| 3, then

Kapranov rank T = Kapranov rank Σ(T ) + |I|.
Proof. Let L be a lifting of T with smallest possible rank r; row scalings allow us to assume that L(i 1 |i) = L(i 2 |i) = 1 for all i ∈ I. Let L ′ be the matrix obtained from L by subtracting, for any i, the i 1 th row from i 2 th row. The ranks of L and L ′ are equal, and we have
where I and O are, respectively the unit and zero |I| × |I| matrices, L is a lifting of Σ(T ), and * stands for a matrix we need not specify. Therefore, the Kapranov rank of Σ(T ) is at most r − |I|.
Conversely, consider a lifting L of Σ(T ) with smallest possible rank ρ. We define the matrix L ∈ F
Since the ground field F contains more than two elements, we can avoid cancellation of leading (degree-s) terms in L(i|j) + ζt s by choosing an appropriate non-zero value of ζ in F. As we see, the constructed matrix L is a lifting of T , and in order to compute its rank we subtract, as above, the i 1 th row from i 2 th row, for any i. We get the matrix L ′ as in (2.1), so the rank of L equals ρ + |I|. 
where U is the tropical unit matrix (the one with 0's on the diagonal and ∞'s everywhere else), Z is the all-∞ matrix, and T ′ is a symmetrized matrix such that Σ(T ′ ) = C. The permanent of (2.2) equals per(T ′ ), which in turn, according to Proposition 8, equals per(C). Since C is non-singular, it has a tangible permanent, and so does the matrix (2.2), which is therefore non-singular as well. In particular, we get a ' ' inequality for the values in the formulation of the lemma.
In order to prove the ' ' inequality, we use Lemma 9 and observe that any of the largest tropically non-singular submatrices of T can be reduced to the form (2.2), and the proof can be finalized as in the previous paragraph.
Constructing a tropical matrix
In this section, we explain how to construct a tropical matrix with small tropical rank and large Kapranov rank if we are given a 0 − 1 matrix as below. We enumerate the rows and columns of M by disjoint sets I and J and construct the tropical matrix Φ = Φ(M) as follows. Its rows are indexed with {1, . . . , k} × I, its columns with I ∪ J, and its entries are (1) Φ(α, i|i) = 0 and Φ(α, i|î) = ∞ ifî ∈ I \ {i}; (2) Φ(α, i|j) = 0 if j ∈ J and M(i|j) = 0; (3) Φ(α, i|j) = a ijα if j ∈ J and M(i|j) = 1, where (a ijα ) are a family of numbers in [1, 1 + 1/(kd)] that are linearly independent over Q. Notice that Φ is an n × n matrix with n = kd.
Proof. Any lifting of Φ has ku entries with degrees in (a ijα ), and since these degrees are linearly independent over Q, the corresponding entries should be algebraically independent over F. It remains to note that any matrix of rank ρ has transcendence degree at most 2nρ − ρ 2 and resolve the inequality 2nρ − ρ 2 ku for ρ.
Lemma 17. Tropical rank Φ d + kr.
Proof. Let H be a square submatrix of Φ of size greater than d + kr. We need to check that H is singular, that is, that the permanent of H seen as a supertropical matrix is either ∞ or a ghost. By Dirichlet's principle, there is a subset I ⊂ I of cardinality ρ r such that, for any i ∈ I, there are two distinct pairs (α i , i) and (β i , i) which appear to be row indexes of H. We denote by H 0 the submatrix of Φ formed by the rows with indexes in i∈I {(α i , i), (β i , i)}; we will be done if we manage to show that every 2ρ × 2ρ submatrix of H 0 is singular. By Theorem 14, we need to show that every ρ×ρ submatrix of Σ(H 0 ) is singular. Removing the columns of Σ(H 0 ) consisting of ∞-entries, we get a matrix H ∈ S
Since every ρ × ρ submatrix of M contains a zero, the permanent of every ρ × ρ submatrix of H should have a summand g γ with g 0 + (r − 1)(1 + 1/n) < r. Therefore, the products of tangible entries do not contribute to the permanent of any r × r submatrix of H.
Remark 18. Many authors (see [4, 8] ) consider tropical matrices with finite entries only. We note that the bounds as in Lemmas 16 and 17 will still hold if we replace every ∞ in the entries of Φ by 2. In fact, the resulting matrix can be obtained as 
are a good tuple in the sense of Definition 15.
Proof. Let X be a random d×(d 2 −d) matrix with independent entries each of which is either 0 or 1, and the probability of 0 is q. According to Hoeffding's inequality (see Theorem 1 in [12] ), the probability that the number of 1-entries of X does not exceed u is at most exp(−2d −3 (d 3 − d 2 )) < 0.5. Therefore, the condition (1) as in Definition 15 fails with probability less than 0.5.
We proceed with condition (2), whose negation means that X has an ⌈r⌉ × ⌈r⌉ submatrix of all ones. The probability that this happens with any particular such submatrix is at most (1−q) 
which is also less than 0.5 because ln(1 − q)/q < −1.
Now we can complete the proof of Theorem 3.
Proof of Theorem 3. We define d = ⌊ √ n⌋ and write q = α − 2n −0.25 2 . We can assume without loss of generality that the bound for the tropical rank is less than n because otherwise the result is trivial. In particular, we have that α > 2n −0.25 √ ln n. The numbers d, k, r, u as in Lemma 19 allow us to construct a d 2 × d 2 matrix Φ satisfying the assumptions of Definition 15; we complete Φ to an n × n matrix Φ 0 by adding the copies of existing rows and columns. According to Lemma 16, the Kapranov rank of Φ 0 is at least
which is greater than or equal to n(1 − √ q − 2n −0.25 ) = n(1 − α). By Lemma 17, the tropical rank of Φ 0 does not exceed
